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Abstract. We introduce the concept of the primitivity of independent set in
vertex-transitive graphs, and investigate the relationship between the primitivity and
the structure of maximum independent sets in direct products of vertex-transitive
graphs. As a consequence of our main results, we positively solve an open problem
related to the structure of independent sets in powers of vertex-transitive graphs.
1 Introduction
The direct product G×H of two graphs G and H is defined by
V (G×H) = V (G)× V (H)
and
E(G×H) = {[(u1, u2), (v1, v2)] : [u1, v1] ∈ E(G) and [u2, v2] ∈ E(H)}.
For a graph G, let Gn = G× · · · ×G denote the n-th power of G.
It is clear that if I is an independent set of G (or H), then I × H (or G × I)
is an independent set of G × H . We say that G × H is MIS-normal (maximum-
independent-set-normal) if each of its maximum independent sets is of this form.
∗Supported by the National Natural Science Foundation of China (No.10826084) and Zhejiang
Innovation Project (Grant No. T200905).
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Then the independence number
α(G×H) = max{α(G)|H|, α(H)|G|} (1)
if G × H is MIS-normal. A product G1 × G2 × · · · × Gn is said to be MIS-normal
if all of its maximum independent sets are preimages of projections of maximum
independent sets of one of its factors.
This poses two immediate problems: whether (1) holds for all graphs G and H ,
and whether G×H is MIS-normal when (1) holds. In general, however, (1) does not
hold for some non-vertex-transitive graphs (see [7]). So, Tardif [3] asked whether (1)
holds for all vertex-transitive graphs G and H . Larose and Tardif [2] investigated
the relationship between the projectivity and the structure of maximal independent
sets in powers of a circular graph, Kneser graph, or truncated simplex. Recently,
Mario and Vera [5] proved that (1) holds for some special vertex-transitive graphs,
e.g., circular graphs and Kneser graphs. In fact, Frankl [6] proved in 1996, one year
before Tardif’s question was posed, that (1) holds for Kneser graphs. Subsequently,
Ahlswede, Aydinian and Khachatrian [8] generalized Frankl’s result.
In the context of vertex-transitive graphs, the “No-Homomorphism” lemma of
Albertson and Collins [1] is useful to get bounds on the size of independent sets.
Lemma 1.1 ([1]) Let G and H be two graphs such that G is vertex-transitive and
there exists a homomorphism φ : H 7→ G. Then α(G)
|V (G)|
≤ α(H)
|V (H)|
, and the equality
holds if and only if for any independent set I of cardinality α(G) in G, φ−1(I) is an
independent set of cardinality α(H) in H.
By this lemma, it is easy to deduce that α(Gn) = α(G)|V (G)|n−1 for any vertex-
transitive graph G and positive integer n (see [2]). So it is natural to ask whether Gn
is MIS-normal. Evidently, if Gn is MIS-normal for some n > 2, so is G2. Conversely,
Larose and Tardif [2] posed the following problem.
Problem 1.2 (see [2] )Let G be a non-bipartite vertex-transitive graph. If G2 is
MIS-normal, is the same for all powers of G?
This paper is organized as follows. In the next section, we introduce a concept of
the primitivity of independent sets in a vertex-transitive graph, and prove that the
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primitivity can be preserved in direct products under certain conditions. Based on
these results we establish in section 3 a direct product theorem on the MIS-normality.
As a consequence, Problem 1.2 is solved.
2 Primitivity of independent sets
In the sequel of this paper, let G and H be vertex-transitive graphs. By I(G) we
denote the set of all maximum independent sets of G. For any subset A of V (G),
let α(A) denote the independence number of the induced subgraph of G by A, and
we define
NG(A) = {b ∈ G : (a, b) ∈ E(G) for some a ∈ A},
NG[A] = NG(A) ∪ A and NG[A] = G−NG[A].
In Lemma 1.1, by taking H as an induced subgraph of G and φ as the embedding
mapping, we obtain the following lemma (cf. [4]).
Lemma 2.1
α(G)
|V (G)|
≤ α(B)
|B|
holds for all B ⊆ V (G). Equality implies that |S ∩B| =
α(B) for every S ∈ I(G).
A graph G is said to be non-empty if E(G) 6= ∅. Lemma 2.1 implies that
α(G) ≤ |V (G)|/2 for all non-empty vertex-transitive graphs. Equality holds if and
only if G is bipartite, which we state as a corollary for reference.
Corollary 2.2 Let G be a non-empty vertex-transitive graph. Then α(G)
|G|
≤ 1
2
, and
equality holds if and only if G is bipartite.
Proposition 2.3 Let A be an independent set of G. Then |A|
|NG[A]|
≤ α(G)
|V (G)|
. Equality
implies that |S ∩ NG[A]| = |A| for every S ∈ I(G), and in particularly A ⊆ S for
some S ∈ I(G).
Proof. Since A is an independent set, clearly
|A|+ α(NG[A])
|NG[A]|+ |NG[A]|
≤
α(G)
|V (G)|
.
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By Lemma 2.1 we see that α(NG[A])
|NG[A]|
≥ α(G)
|V (G)|
, so |A|
|NG[A]|
≤ α(G)
|V (G)|
. Equality in the
latter implies equality in the former. In this case any S ∈ I(G) must be the union of
a maximum independent set in NG[A] and an independent set of size |A| in NG[A],
and thus |S ∩NG[A]| = |A|. ✷
An independent set A in G is said to be imprimitive if |A| < α(G) and |A|
|NG[A]|
=
α(G)
|V (G)|
. We say that G is IS-imprimitive if G has an imprimitive independent set. In
the other case, G is IS-primitive.
Proposition 2.4 Let A be a maximum imprimitive independent set of G. Set B =
NG[A]. Then
α(B)
|B|
= α(G)
|V (G)|
and {σ(B)|σ ∈ Aut(G)} forms a nontrivial partition of
V (G), i.e., σ(B) ∩ B = ∅ or B for each σ ∈ Aut(G).
Proof. Clearly |A|+α(B)
|NG[A]|+|B|
≤ α(G)
|V (G)|
. Combining the condition of A and Lemma 2.1,
we have α(B)
|B|
= α(G)
|V (G)|
. By definition, NG[σ(A)] = σ(NG[A]) for all σ ∈ Aut(G).
Suppose that there exists a σ ∈ Aut(G) such that σ(B) 6= B and σ(B) ∩ B 6= ∅.
Then σ(NG[A]) 6= NG[A] and
|V (G)| > |NG[A] ∪ σ
(
NG[A]
)
| > |NG[A]|. (2)
Let C = σ(A) ∪ (A−NG[σ(A)]). Then C is also an independent set and
NG[C] ⊆ NG[A] ∪ σ(NG[A]).
By Proposition 2.3, |S ∩ NG[A]| = |A| for all S ∈ I(G), which implies that (S −
NG[A]) ∪ A ∈ I(G) for all S ∈ I(G). Similarly,
((S −NG[A]) ∪A)−NG[σ(A)]) ∪ σ(A)
= (S −NG[A] ∪NG[σ(A)]) ∪ (A−NG[σ(A)]) ∪ σ(A)
= (S −NG[A] ∪NG[σ(A)]) ∪ C
is also a maximum independent set of G, which implies |S ∩ (NG[A]∪NG[σ(A)])| =
|C| for all S ∈ I(G).
Given a u ∈ V (G), suppose that there are r S’s in I(G) such that u ∈ S.
Since G is vertex-transitive, the number r is independent of the choice of u. Thus
r|V (G)| = α(G)|I(G)|. On the other hand, since |S ∩ (NG[A]∪NG[σ(A)])| = |C| for
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all S ∈ I(G), |C||I(G)| = r|NG[A]∪NG[σ(A)]|. Combining the above two equalities,
we have |C|
|NG[A]∪NG[σ(A)]|
= α(G)
|V (G)|
. Thus, by Proposition 2.3 we have
α(G)
|V (G)|
≥
|C|
NG[C]
≥
|C|
|NG[A] ∪NG[σ(A)]|
=
α(G)
|V (G)|
,
which implies NG[C] = NG[A] ∪ NG[σ(A)] and
|C|
|NG[C]|
= α(G)
|V (G)|
. By (2), we have
|A| < |C| < α(G), contradicting the maximality of |A|. This completes the proof.
✷
The concept of primitivity comes from permutation groups: A permutation group
Γ acting on a set X is called primitive if Γ preserves no nontrivial partition of X . In
the other case, Γ is imprimitive. As usual (see e.g. [2]), a vertex-transitive graph G
is called primitive if its automorphism group, as a permutation group on V (G), is
primitive. By Proposition 2.4 we see that if G is primitive, then G is IS-primitive.
But the converse is not true.
For any S ⊆ V (G)× V (H), a ∈ G and u ∈ H , define
∂G(u, S) = {b ∈ G : (b, u) ∈ S}, ∂H(a, S) = {v ∈ H : (a, v) ∈ S},
and
∂G(S) = {b ∈ G : ∂H(b, S) 6= ∅}, ∂H(S) = {v ∈ H : ∂G(v, S) 6= ∅}.
By definition we see that ∂G(S) and ∂H(S) are in fact the projections of S on G and
H , respectively.
Lemma 2.5 Suppose G × H is MIS-normal and α(H)
|H|
≤ α(G)
|G|
. If G × H is IS-
imprimitive, then one of the following two possible cases holds:
(i) α(H)
|H|
= α(G)
|G|
, and one of them is IS-imprimitive or both G and H are bipartite;
(ii) α(H)
|H|
< α(G)
|G|
, and G is IS-imprimitive or H is disconnected.
Proof. Throughout this proof, we denote NG×H [A] by N [A] for brevity. Suppose
that G×H is IS-imprimitive and let A be a maximum imprimitive independent set
of G×H . Clearly, α(G×H) = α(G)|V (H)|, and thus |A|
|N [A]|
= α(G×H)
|V (G×H)|
= α(G)
|V (G)|
. If
E(G) = ∅, the result is trivial, so we suppose E(G) 6= ∅, then Corollary 2.2 implies
that α(H)
|V (H)|
≤ α(G)
|V (G)|
≤ 1
2
. By Proposition 2.3, there exists some S ∈ I(G×H) such
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that A = S∩N [A]. Since G×H is MIS-normal, we may assume that S = S ′×H for
some S ′ ∈ I(G). Thus A = (S ′ ×H) ∩N [A]. Set B = N [A]. Then, by Proposition
2.4, σ(B) ∩ B = ∅ or B for every σ ∈ Aut(G×H).
Set C = ∂G(B). For every pair a and b of C, select u ∈ ∂H(a, B) and v ∈
∂H(b, B). Since G and H are vertex-transitive, there exist γ ∈ Aut(G) and τ ∈
Aut(H) such that a = γ(b) and u = τ(v). It is clear that σ = (γ, τ) ∈ Aut(G×H)
and (a, u) = σ(b, v) ∈ σ(B) ∩ B. By Proposition 2.4, we conclude that σ(B) = B.
Thus, we have ∂H(a, B) = τ(∂H(b, B)). Therefore, |∂H(a, B)| = |∂H(b, B))| for any
a, b ∈ C. In the following, we will complete the proof by two cases.
Case 1: C 6= V (G). Set C = (V (G) − C). Then (C × H) ∩ B = ∅, and
thus C × H ⊆ N [A]. For every S ′′ ∈ I(G), it is clear that S ′′ × H is a maximum
independent set of G×H . Since α(B)
|B|
= α(G×H)
|G×H|
= α(G)
|V (G)|
and |∂H(a, B)| = |∂H(b, B)|
for all a, b ∈ ∂G(B), from Lemma 2.1 and the MIS-normality of G × H it follows
that
|(S ′′ ×H) ∩ B|
|B|
=
|S ′′ ∩ C|
|C|
=
α(G)
|V (G)|
.
Thus for every S ′′ ∈ I(G),
α(G)
|V (G)|
=
|S ′′|
|V (G)|
=
|S ′′ ∩ C|+ |S ′′ ∩ C|
|C|+ |C|
=
|S ′′ ∩ C|
|C|
=
|S ′′ ∩ C|
|C|
. (3)
Recall that C×H ⊆ N [A] and A ⊆ S ′×H , it is easy to see that A = N [A]∩(S ′×H)
and ∂G(A ∩ (C × H)) = S
′ ∩ C. Setting F = S ′ ∩ C, we have that a × H ⊆ A
for every a ∈ F . If NG[F ] ∩ C 6= ∅, then there exist a ∈ F and b ∈ C such that
(a, b) ∈ E(G). Since B = N [A] and a × H ⊆ A, by definition, (b, u) ⊆ N [a × H ]
for every u ∈ ∂H(b, B). Hence NH [H ] 6= ∅ and E(H) = ∅, which contradicts that
α(H)
|H|
≤ 1
2
. Thus NG[F ] ∩ C = ∅, i.e., NG[F ] ⊆ C. By Proposition 2.3 and (3),
α(G)
|V (G)|
≥
|F |
|NG[F ]|
=
|S ′ ∩ C|
|NG[F ]|
≥
|S ′ ∩ C|
|C|
=
α(G)
|V (G)|
.
Therefore |F |
|NG[F ]|
= α(G)
|V (G)|
, so G is IS-imprimitive and (i) holds.
Case 2: C = V (G). Since |∂H(a, B)| = |∂H(b, B))| for all a, b ∈ V (G), we have
∂G(N [A]) = V (G) and |∂H(a,N [A])| = |∂H(b, N [A])| < |H| for all a, b ∈ V (G).
Since A = (S ′ ×H) ∩ N [A], ∂H(a,N [A]) ⊆ ∂H(a, S
′ ×H) for all a ∈ ∂G(A). Thus
∂H(a, A) = ∂H(a,N [A]) for all a ∈ ∂G(A). Select two vertices a and b of V (G) such
that a ∈ ∂G(A) and (a, b) ∈ E(G). Then, for every u ∈ [V (H) − ∂H(b, N [A])] and
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v ∈ ∂H(a,N [A]), it is clear that [(b, u), (a, v)] 6∈ E(G×H), so (u, v) 6∈ E(H). This
means u 6∈ NH(∂H(a,N [A])), that is,
V (H)− ∂H(b, N [A]) ⊆ V (H)−NH(∂H(a,N [A])). (4)
If ∂H(b, N [A]) = ∂H(a,N [A]), it follows from (4) that H is disconnected, and so
either (i) or (ii) holds.
Suppose that ∂H(b, N [A]) 6= ∂H(a,N [A]) and set D = ∂H(a,N [A])−∂H(b, N [A]).
It is easy to check that
2|D| = |∂H(a,N [A]) ∪ ∂H(b, N [A])− ∂H(a,N [A]) ∩ ∂H(b, N [A])|.
Since D ⊆ H − ∂H(b, N [A]) and D ⊆ ∂G(a,N [A]), by (4), we have
D ⊆ V (H)− ∂H(b, N [A]) ⊆ V (H)−NH(∂H(a,N [A])) ⊆ V (H)−NH(D).
So D is an independent set of H and
NH [D] ⊆ D ∪ [∂H(b, N [A])− ∂H(a,N [A])]
= ∂H(a,N [A]) ∪ ∂H(b, N [A])− ∂H(a,N [A]) ∩ ∂H(b, N [A]),
which implies that 1
2
≥ α(H)
|V (H)|
≥ |D|
|NH [D]|
≥ 1
2
. Thus α(G)
|V (G)|
= α(H)
|V (H)|
= 1
2
. By Corollary
2.2, G and H are both bipartite, so (i) holds and the proof completed. ✷
Theorem 2.6 Let G and H be two non-bipartite vertex-transitive graph such that
α(H)
|V (H)|
= α(G)
|V (G)|
. If G×H is MIS-normal, then G, H and G×H are all IS-primitive.
Proof. First, suppose that G is IS-imprimitive and let A be an imprimitive inde-
pendent set in G. For any S ∈ I(H), let S ′ = (NG[A] × S) ∪ (A × H). It is clear
that S ′ is an independent set of G×H and
|S ′| = |NG[A]α(H)|+ |A||V (H)| = (|NG[A]|+ |NG[A]|)α(H)
= |V (G)|α(H) = α(G×H),
i.e., S ′ is a maximum independent set of G×H , contradicting the MIS-normality of
G. Therefore, G is IS-primitive. Similarly, H is also IS-primitive. By Lemma 2.5,
G×H is IS-primitive. ✷
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3 MIS-normality of the Products of Graphs
The following theorem is the main result on the MIS-normality of products of vertex-
transitive graphs in this paper.
Theorem 3.1 Let G and H be two vertex-transitive graphs. Suppose that there
exists an induced subgraph G′ of G such that G′ × H is MIS-normal and α(G
′)
|V (G′)|
=
α(G)
|V (G)|
. Then either: (i) G × H is MIS-normal, or (ii) α(G)
|V (G)|
= α(H)
|V (H)|
and G is
IS-imprimitive, or (iii) α(G)
|V (G)|
< α(H)
|V (H)|
and G is disconnected.
Proof. If E(H) = ∅, the result is obvious, so we assume that E(H) 6= ∅. By Lemma
2.1 and the MIS-normality of G′ ×H , we have the following inequality
α(G×H)
|V (G)||V (H)|
≤
α(G′ ×H)
|V (G′)||V (H)|
= max
{
α(G)
|V (G)|
,
α(H)
|V (H)|
}
≤
α(G×H)
|V (G)||V (H)|
,
yielding
α(G×H)
|V (G)||V (H)|
=
α(G′ ×H)
|V (G′)||V (H)|
= max
{
α(G)
|V (G)|
,
α(H)
|V (H)|
}
. (5)
For every σ ∈ Aut(G), it is clear that σ(G′) × H is MIS-normal. Let S be a
maximum independent set of G × H . By Lemma 2.1 and (5), S ∩ (σ(G′) × H) is
a maximum independent set of σ(G′) × H . Clearly, for each a ∈ ∂G(S), there is
a σ ∈ Aut(G) such that a ∈ σ(G′). We therefore have that |∂H(a, S)| = |H| or
α(H) for each a ∈ ∂G(S). In the following we distinguish three cases to complete
the proof.
Case 1: |∂H(a, S)| = |V (H)| for every a ∈ ∂G(S). By (5), we obtain that
|∂G(S)| = α(G). Since E(H) 6= ∅, ∂G(S) is an independent set of G. This implies
that S = ∂G(S)×H .
Case 2: |∂H(a, S)| = α(H) for every a ∈ ∂G(S). By (5), we have that ∂G(S) = G,
α(H)
|V (H)|
≥ α(G)
|V (G)|
and ∂H(a, S) is a maximum independent set of H for every a ∈ G.
Let a be a fixed vertex of G, and set
C = {c ∈ G : ∂H(c, S) = ∂H(a, S)}.
If C = G, then S = G × ∂H(a, S). If C 6= G, then choose d ∈ G − C and c ∈ C.
Since ∂H(c, S) 6= ∂H(d, S), there exists u ∈ ∂H(c, S) and v ∈ ∂H(d, S) such that
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(u, v) ∈ E(H) and [(c, u), (d, v)] 6∈ E(G×H). This implies that (c, d) ∈ E(G) and
thus G is disconnected.
Case 3: |∂H(a, S)| = |V (H)| and |∂H(b, S)| = α(H) for some a, b ∈ ∂G(S). By
(5), α(H)
|V (H)|
= α(G)
|V (G)|
and α(G×H) = α(G)|V (H)| = α(H)|V (G)|. Set
C = {c ∈ G : |∂H(c, S)| = |V (H)|} and D = {d ∈ G : |∂H(d, S)| = α(H)}.
Since E(H) 6= ∅, it is clear that C is an independent set of G and (c, d) 6∈ E(G) for
every c ∈ C and d ∈ D. So NG[C] ⊆ V (G)−D. Moreover,
|S| = α(H)|V (G)| = |C||V (H)|+ |D|α(H).
Thus |C|
|NG[C]|
≥ |C|
|V (G)|−|D|
= α(H)
|V (H)|
= α(G)
|V (G)|
. By Proposition 2.3, |C|
|NG[C]|
= α(G)
|V (G)|
, that
is, G is IS-imprimitive.
This completes the proof. ✷
The following Corollary solves Problem 1.2 in a bit more general setting.
Corollary 3.2 Let G be a vertex-transitive, non-bipartite graph. If G2 is MIS-
normal, then Gn is also MIS-normal and IS-primitive for all n ≥ 3.
Proof. We prove by induction on n. Since G2 is MIS-normal, by Theorem 2.6, G
and G2 are both IS-primitive. Assume that Gd is MIS-normal and IS-primitive for
all d = 2, . . . , n − 1. We now prove that Gn is MIS-normal and IS-primitive. Note
that Gn = G2 ×Gn−2. Let G′ be some subgraph of G2 that is isomorphic to G, for
instance, the subgraph induced by the set of vertices {(u, u) : u ∈ V (G)}. It is clear
that
α(G′)
|V (G′)|
=
α(G)
|V (G)|
=
α(G2)
|V (G2)|
and G′ × Gn−2 is isomorphic to Gn−1. Thus by assumption, G′ × Gn−2 is MIS-
normal. By Theorem 3.1 and Theorem 2.6, it is easy to see that Gn is MIS-normal
and IS-primitive. This completes the proof. ✷
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